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ABSTRACT
A visibility graph transforms time series into graphs, facilitating signal processing by advanced graph data mining algorithms. In this paper,
based on the classic limited penetrable visibility graph method, we propose a novel mapping method named circular limited penetrable
visibility graph, which replaces the linear visibility line in limited penetrable visibility graph with nonlinear visibility arc for pursuing more
flexible and reasonable mapping of time series. Tests on degree distribution and some common network features of the generated graphs
from typical time series demonstrate that our circular limited penetrable visibility graph can effectively capture the important features of
time series and show higher robust classification performance than the traditional limited penetrable visibility graph in the presence of
noise. The experiments on real-world time-series datasets of radio and electroencephalogram signals also suggest that the structural features
provided by a circular limited penetrable visibility graph, rather than a limited penetrable visibility graph, are more useful for time-series
classification, leading to higher accuracy. This classification performance can be further enhanced through structural feature expansion by
adopting subgraph networks. All of these results demonstrate the effectiveness of our circular limited penetrable visibility graph model.
Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0048243

Time series and graphs are two popular ways to represent big
data in various areas, including sociology, biology, and technology. A lot of algorithms are being developed to process these kinds
of data more effectively and efficiently. Quite recently, Visibility
Graph (VG) has been used to map time series into graphs so as to
facilitate the understanding and analysis of time series by complex
network theory and graph data mining. Since then, a series of new
methods, such as Limited Penetrable Visibility Graph (LPVG),
are proposed to construct graphs from time series. In this paper,
based on LPVG, we introduce a circle system for the first time in
the construction of VG and propose Circular Limited Penetrable
Visibility Graph (CLPVG). Comprehensive experiments on both
artificial and real-world datasets demonstrate the effectiveness
of CLPVG, achieving better performance on time-series classification than LPVG, especially when Subgraph Network (SGN)
is adopted to expand the structural feature space. It is possible
that our work can trigger a burst of study on visibility graphs to
enhance our understanding of complex time series and develop
advanced graph data mining algorithms for signal processing.
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I. INTRODUCTION
Time series are common in various areas, including Internet,
communication, biology, finance, etc. Extracting the hidden information of the time series is the key to understanding the underlying
complex systems.
In recent years, a variety of machine learning methods have
been applied in time-series classification. Traditionally, time series
are taken directly as the input to train a machine learning model.1
Due to the quick development of computer vision and network science, time series are also mapped into images or graphs so that deep
learning algorithms, such as Convolution Neural Network (CNN)2
and Graph Neural Network (GNN),3,4 can be adopted for time-series
classification. In this paper, we focus on mapping time series to
graphs.
In the last couple of years, there have been a lot of complex
network methods (e.g., phase space based recurrence networks,5,6
visibility graphs,7 and Markov chain based transition networks8) for
characterizing time series or dynamical systems corresponding to
time series. Among them, the visibility graph algorithm has attracted
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much interest, which used to be a classic method in computational
geometry and robot motion.9,10 The proposal of VG model opened
a new door for time-series analysis, with the structure of the constructed graphs inheriting some important properties of time series.
After that, a series of mapping rules were proposed to establish various networks for time series. For instance, Luque et al.11 proposed
a geometrically simpler algorithm, the Horizontal Visibility Graphs
(HVG), which obtains the graph of smaller average degree than the
graph obtained by the VG model due to its stricter restrictions and
achieved satisfactory results in EEG signal classification. Zhou et
al.12 and Gao et al.13 proposed Limited Penetrable Visibility Graph
(LPVG), suggesting that some unconnected points in VG could also
be connected for better processing noisy signals, which achieved
good performance in two-phase flow pattern identification. Then,
Limited Penetrable HVG (LPHVG), as a straightforward extension
of HVG, was successfully applied to process the EEG signal14 and
the electromechanical signal.15 Besides, the models considering the
weights of nodes,16 representing the importance of points, and the
direction of edges, denoting the time irreversibility,17,18 have also
been proposed. The emergence of these VG variants provides different mapping methods for analyzing different types of time series.
Such methods have been widely used to solve challenging problems in different research fields, such as finance,19–21 physiology,22,23
meteorology and oceanography,24 geography,25 etc.
However, these methods have not been used for complex classification tasks in communication, such as modulation recognition
and individual identification, which are needed enough local features and proper global features as auxiliary. For example, though
the current VG methods can capture some global and local features
in fixed manners, it is still difficult for them to distinguish different
modulation types since there are many completely different modulation symbols in the same modulation type signal and the recognition
performance is easily affected by noise. Though LPVG shows good
tolerance to noise interference by introducing limited penetrable
distance to natural VG, noise links are easily introduced to pollute
local features critical in time-series classification. Therefore, to generate reasonable and noise resistant graphs for classification tasks,
we propose a more flexible mapping method, namely, Circular Limited Penetrable Visibility Graph (CLPVG), by introducing nonlinear
visibility arcs LPVG. To demonstrate the effectiveness of the model,
we first compare the degree distribution of the obtained graphs by
CLPVG and LPVG, from two typical time series (periodic, chaotic
signals) for qualitative analysis. Then, we calculate some common
graph features of these graphs and evaluate the robustness in resisting noise for quantitative comparison. Finally, we complete several
artificial and real-world time-series classification tasks. In the classification experiments, we further expand the structural feature space
of the obtained graphs by Subgraph Networks (SGNs).26 After merging the features extracted from the mapped graphs and their SGNs,
we further use Principal Component Analysis (PCA)27 to reduce
dimension and a neural network with two dense fully connected
layers as the classifier to realize the time-series classification.
The main contributions of this paper are as follows:
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series in an adjustable manner. The experiments on both artificial and real-world time-series datasets demonstrate that CLPVG
shows good tolerance to noise interference and outperforms
LPVG in most classification cases.
• We utilize Subgraph Network (SGN) for the first time to expand
the structural feature space of visibility graphs obtained by LPVG
and CLPVG. A time-series classification framework with a structural feature space expansion part is proposed. We find that SGN
can indeed enhance LPVG and CLPVG in terms of improving
their classification accuracy on time series.
• To the best of our knowledge, it is also the first time that the
visibility graph models, i.e., LPVG and CLPVG, are applied to
radio signal modulation recognition, which achieves reasonable
performance and have great potential for further improvement.
The rest of this study is organized as follows. In Sec. II, we introduce our CLPVG as well as the VG and LPVG models as the basis. In
Sec. IV, we explain how to construct Subgraph Networks (SGNs) to
expand the structural feature space of the obtained visibility graphs.
Then, we discuss their performance on artificial time series and
applications in real-world time series in Sec. V and conclude the
paper in Sec. VI.
II. VISIBILITY GRAPH MODEL FOR TIME SERIES
In this part, we will first introduce three visibility graph models, including VG, LPVG, and CLPVG. Then, in Sec. II A, we will
compare LPVG and CLPVG on typical artificial time series.
A. Visibility graph
The purpose of the Visibility Graph (VG) model is to build a
network from a time series. Then, the most important thing is to
determine what are the vertices and how they connect. Here, we take
a univariate time series {xi }ni=1 with xt = x (ti ), for example. Every
sampling point (ti , xi ) is considered as a vertex, and two vertices
(ta , xa ) and (tb , xb ) are connected, if each sampling point (tc , xc ) with
ta < tc < tb is satisfied that
xc < xa + (xb − xa ) (tc − ta ) / (tb − ta ) .
The process to establish VG is shown in Figs. 1(a) and 1(b).
B. Limited penetrable visibility graph
Based on VG, Limited Penetrable Visibility Graph (LPVG) has
been proposed to enhance the robust performance distinguishing
chaos from noise. LPVG uses a less restrictive visibility criterion,
which means some nodes that cannot be connected in VG due to
noise may be linked in LPVG. Compared with VG, LPVG defines
a limited penetrable visibility distance M additionally, and LPVG is
the same as VG when M = 0, given any two sampling points (ta , xa )
and (tb , xb ). The visibility criterion in LPVG can be described that if
and only if there are no more than M sampling points (tc , xc ) with
ta < tc < tb satisfying the criterion,
xc > xa + (xb − xa ) (tc − ta ) / (tb − ta ) ,

• We propose a new visibility graph model, namely, Circular Limited Penetrable Visibility Graph (CLPVG), to represent time
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(1)

(2)

while all the other sampling points satisfy Eq. (1); then, the mutual
connection can be established between them. Based on the LPVG
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FIG. 1. Schematic diagrams of VG and LPVG (M = 1). (a) The construction process of VG; (b) the graph constructed by VG; (c) the construction process of LPVG; and (d)
the graph constructed by LPVG.

model, the visibility lines represented by the dotted lines shown in
Fig. 1(c) are newly added, and the constructed graph has three more
edges, i.e., (2,4), (3,5), and (3,6), as shown in Fig. 1(d).
C. Circular limited penetrable visibility graph
In mathematics, a set of circles that meet certain conditions
is called the circle system, and the equations describing the circle
system are the circle system equations.
As shown in Fig. 2, given any two data points in the time series,
we consider selecting the circle set that passes through these two
points as the circle system, and the circle system can be described
by
f(t, x) = (t − ta ) (t − tb ) + (x − xa ) (x − xb )

+ α [(t − ta ) (xb − xa ) − (x − xa ) (tb − ta )] = 0,
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(3)

where α controls the circle radius and the corresponding central
angle of the minor arc, and the larger the absolute value of α, the
larger the radius, the smaller the central angle. Extremely, when
α = 0, the line segment connecting the two points is the diameter
of the circle, when α → ∞, the formed circle can be approximated
as a straight line. Besides, the center of the circle is on the perpendicular bisector of the line segment connecting the two points, and
when α is positive, the circle midpoint is above the line connecting
the given two points; otherwise, the circle midpoint is below the line.
Based on the idea of the limited penetrating from LPVG, which
also makes graph construction flexible, we combine the circle system and LPVG to propose the Circular Limited Penetrable Visibility
Graph (CLPVG). Compared to LPVG, the main difference is that
the visibility line is replaced by the visibility arc in CLPVG. Note that
here the minor arc, i.e., the part of a circle less than 180◦ as shown in
the arcs red boxed in Fig. 2, is selected to ensure the visibility arc is
meaningful, which means that positive α generates fewer links than
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III. MODEL ASSESSMENT ON ARTIFICIAL TIME SERIES
To demonstrate the effectiveness and robustness of our CLPVG
model for processing noisy signals, networks of typical periodic and
chaotic time series, as well as their noisy versions, are constructed
by LPVG and CLPVG, respectively. When the noise intensity is less
than 15 dB, M = 2 can produce a good effect on resisting noise for
the above typical signals,12 so the limited penetration distance M of
the two models is set to 2 for simple comparison. Then, as usual,
we make a simple comparison between the degree distributions of
visibility graphs obtained by CLPVG and LPVG, to verify whether
the proposed CLPVG can keep the unique information of different
types of time series.
In particular, we generate the following three sets of time series:
one is periodic, and the other two are typical chaos:

FIG. 2. Schematic diagram of circle system.

negative α. The visibility arc and visibility line tend to be the same
when α → ∞.
In CLPVG, given two data points (ta , xa ), (tb , xb ) and the data
point (tc , xc ) with ta < tc < tb , we denote (tc , xcir ) as the point on
CLPVG’s visibility arc at tc , i.e., xcir is the valid solution of the Eq. (4),
which means (tc , xcir ) is on the minor arc,
f(tc , x) = (tc − ta ) (tc − tb ) + (x − xa ) (x − xb )

+ α [(tc − ta ) (xb − xa ) − (x − xa ) (tb − ta )] = 0.

(4)

Then, take every sampling point (ti , xi ) as a vertex, the same as
LPVG, and the edges are created by following the CLPVG rule: if
and only if no more than M sampling points (tc , xc ) with ta < tc < tb
satisfy
xc > xcir ,
(5)
while all the other sampling points satisfy the criterion,
xc < xcir ,

(6)

the mutual connection is established between (ta , xa ) and (tb , xb ).
Figure 3 gives the process to construct CLPVG. Compared with
LPVG, there is one more edge (1,6) in CLPVG. Note that here
CLPVG becomes to Circular Visibility Graph (CVG) when the
limited penetrable visibility distance M = 0.

• Sinusoidal signal:
x = sin(5π t),
• Lorenz chaotic signal:
 dx
 dt = −10(x − y),
dy
= −y + 28x − xz,
dt
 dz
= xy − 83 z,
dt

• Rössler chaotic signal:
 dx
 dt = −y − z,
dy
= x + 0.2y,
dt
 dz
=
0.2 + z(x − 5.7).
dt

(7)

(8)

(9)

For the sinusoidal signal and the Lorenz chaotic signal, we
sample 1000 points of variable x at 0.01 sampling interval. For the
Rössler chaotic signal, we sample 1000 points of variable x at 0.1
sampling interval. The initial value of the sinusoidal signal is 0, and
those of the Lorenz chaotic signal and the Rössler chaotic signal are
(2, 2, 20) and (−1, 0, 1), respectively. Meanwhile, for each signal, We
also add 15, 20, 30, and 40 dB White Gaussian Noise (WGN), to see
whether our CLPVG is robust to such noises. The examples of the
sinusoidal signal, the Lorenz chaotic signal, and the Rössler chaotic

FIG. 3. Schematic diagram of CLPVG (M = 1). (a) The construction process of CLPVG and (b) the mapping graph of CLPVG.
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FIG. 4. The examples of sinusoidal, Lorenz chaotic, and Rössler chaotic signals, without and with 20 dB WGN.

signal, with and without WGN, are shown in Fig. 4. Their corresponding visibility graphs, generated by LPVG (the six graphs on the
left) and CLPVG (the six graphs on the right), are shown in Fig. 5.
We present the degree distributions of LPVG and CLPVG, with
and without WGN, for three kinds of signals in Fig. 6. Since the
sinusoidal signal is a single-period time series, the degree
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distributions of LPVG and CLPVG both exhibit a finite number of
peaks, as shown in Figs. 6(a) and 6(b), which demonstrates that these
two methods have the ability to distinguish periodic time series.
Besides, the tiny change in the position of the main peak in the
degree distribution before and after adding WGN means that both
LPVG and CLPVG have a certain degree of noise resistance. By
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FIG. 5. Comparison of graphs constructed by LPVG (M = 2) and CLPVG (M = 2), where the left graph is LPVG and the right graph is CLPVG in each subplot. (a) LPVG
and CLPVG (α = 1) of the original sinusoidal signal; (b) LPVG and CLPVG (α = 10) of the sinusoidal signal with 20 dB WGN; (c) LPVG and CLPVG (α = 10) of the original
Lorenz signal; (d) LPVG and CLPVG (α = 10) of the Lorenz signal with 20 dB; (e) LPVG and CLPVG (α = 10) of the original Rössler signal; and (f) LPVG and CLPVG
(α = 10) of the Rössler signal with 20 dB.

comparison, there is even no change in the degree distribution of
CLPVG before and after adding WGN, indicating that it is possible
to find a suitable parameter, indicating that a suitable parameter can
be found in CLPVG to construct a network that can retain signal
characteristics even with noise.
Since chaotic attractors have infinitely many unstable periodic
orbits (UPOs) with different periodicities, the degree distribution
of networks built from chaotic signals would present an irregular
multi-peak structure.12,28 As for the toy chaotic time-series segments
with finite unstable periodic orbits here, the result shows that the
position of the main peak and the shape of the degree distribution of LPVG and CLPVG from the chaotic signals with WGN
do not change much, compared with those without WGN, which
means the dominance of the actual chaotic behavior in LPVG and
CLPVG is less affected by noise in chaotic dynamics, as shown in
Figs. 6(c)–6(f). But the multi-peak distribution of the LPVG networks are indeed not obvious when noise is added. Besides, common
graph features, such as average degree, average path length, and

Chaos 32, 013130 (2022); doi: 10.1063/5.0048243
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average clustering coefficient,29 are important properties of the network structure. We calculate these features of LPVG and CLPVG
of different parameters α from the chaotic signals with and without
WGN as presented in Table I and Fig. 7. The greater the absolute
value of α, the closer the visibility line of CLPVG and LPVG are,
and the more similar the networks they construct. When α is negative, the greater the α, the easier the connection between nodes and
the denser the network. When α is positive, the closer α is to 0, the
sparser the network. To quantitatively compare the performance of
the method under noise interference, we define the volatility, which
is the range of featureoriginal − feature15 dB,20 dB,30 dB,40 dB /featureoriginal
to evaluate the method robustness of resisting noise. It can be found
that CLPVG of some α can better preserve the most graph features, i.e., these features of CLPVG change significantly less than
those of LPVG, in terms of lower volatility, under various levels of
WGN, especially with SNR greater than 15 dB. Again, we can say
that CLPVG of some α performs better than LPVG on resisting
noises since the height and position of the main peak of the degree
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FIG. 6. The degree distributions (DDs) of graphs constructed by LPVG (M = 2) and CLPVG (M = 2) from signals with and without WGN. (a) and (d) LPVG and CLPVG
(α = 1) of the sinusoidal signal. (b) and (e) LPVG and CLPVG (α = 10) of the original Lorenz signal. (c) and (f) LPVG and CLPVG (α = 10) of the original Rössler signal.

distribution and some other graph features of CLPVG constructed
graphs, before and after adding WGN, are all closer than those of
LPVG constructed graphs.

IV. STRUCTURAL FEATURE SPACE EXPANSION
To capture the hidden information of the visibility graphs generated by LPVG and CLPVG, we adopt SGN to expand structural
feature space, and further use Graph2vec to automatically extract
the structural features, as shown in Fig. 8.

A. Construction of SGN
A Subgraph Network (SGN) is a graph augmentation method,
which explores deep structural features and generates the relationship among subgraphs in a graph. Given an undirected graph G =
(V, E), where V represents the node set and E represents the edge set.
To form the first-order SGN, denoted by SGN(1) , we map each edge
in G as a node in SGN(1) , and two nodes in SGN are connected if the
corresponding edges in G share the same terminal node. The process of constructing first-order SGN is shown in Fig. 9. In general,
SGNs of higher orders can be established by iteratively performing
the above process, which can provide more structural information
for classification. However, the generation of higher-order SGNs is
quite time-consuming but contributes less to improving the classification accuracy. SGN(1) is exactly the relationship of links, and noisy
links can be further filtered in the high-level representation with the
help of network algorithms. So, we only use SGN(1) in this paper,
which shows the similarity between links of sampling points in the
time domain.

Chaos 32, 013130 (2022); doi: 10.1063/5.0048243
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B. Feature extraction with Graph2vec
Here, we adopt Graph2vec30 to automatically learn structural
features of both the original visibility graphs and the corresponding SGN(1) . Graph2vec is a well-known unsupervised graph representation learning method for the entire network, facilitating the
subsequent application of machine learning algorithms on graph
data. In particular, Graph2vec is designed to establish a relationship between network and rooted subgraphs, which is similar to
the relationship between document and words in Doc2vec.31 It first
extracts the rooted subgraphs of each node and encodes them into
unified vocabulary, and then trains the Skip-Gram model32 to obtain
the representation of the entire network. The motivation of treating graphs and rooted subgraphs as documents and words is to
utilize the powerful document embedding model in Natural Language Processing (NLP) to generate close embeddings of structurally
similar graphs. Numerous experiments demonstrate that Graph2vec
performs well in many graph classification tasks.26,30
C. Feature fusion
Usually, a signal may consist of multiple channels like RGB
channels in an image. For example, a modulated signal of I/Q digital
modulation has channel I and channel Q. Besides, other characteristics in the time domain, such as amplitude A and phase W, can be
established from the original channels. Having a multi-channel signal and then subjecting each channel to the same type of network
construction naturally leads to a multi-layer network. Generally, a
signal S can be represented by S = {Si }ni=1 and the ith channel is
represented by Si . The set of graphs mapped from all channels is
denoted by G = {Gi }ni=1 , in which Gi represents the graph mapped
from the ith channel of the signal. The set of the first-order SGNs
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TABLE I. Graph features of the LPVG (M = 2) and CLPVG (M = 2) on chaotic signals with and without WGN.

Feature

Signal

Model

Original

15 dB

20 dB

30 dB

40 dB

Volatility

Average degree

Rössler

LPVG
CLPVG (α = 100)
CLPVG (α = 10)
CLPVG (α = 1)
CLPVG (α = −1)
CLPVG (α = −10)
CLPVG (α = −100)
LPVG
CLPVG (α = 100)
CLPVG (α = 10)
CLPVG (α = 1)
CLPVG (α = −1)
CLPVG (α = −10)
CLPVG (α = −100)
LPVG
CLPVG (α = 100)
CLPVG (α = 10)
CLPVG (α = 1)
CLPVG (α = −1)
CLPVG (α = −10)
CLPVG (α = −100)
LPVG
CLPVG (α = 100)
CLPVG (α = 10)
CLPVG (α = 1)
CLPVG (α = −1)
CLPVG (α = −10)
CLPVG (α = −100)
LPVG
CLPVG (α = 100)
CLPVG (α = 10)
CLPVG (α = 1)
CLPVG (α = −1)
CLPVG (α = −10)
CLPVG (α = −100)
LPVG
CLPVG (α = 100)
CLPVG (α = 10)
CLPVG (α = 1)
CLPVG (α = −1)
CLPVG (α = −10)
CLPVG (α = −100)

42.9920
41.4300
30.7900
4.1020
867.9500
82.3760
44.6580
77.3420
72.6560
38.3060
4.0560
954.5600
142.1040
83.5160
4.2027
4.9853
8.1490
89.7896
1.1316
2.5842
4.0285
3.3415
3.3320
4.5917
109.6267
1.0445
2.4045
3.1021
0.7340
0.7160
0.5248
0.0090
0.9204
0.7526
0.7495
0.6390
0.6350
0.4810
0.0046
0.9668
0.7242
0.6635

29.7480
29.0480
22.9780
4.3240
785.4480
56.2400
30.6380
48.8370
53.5800
29.3180
4.0460
961.8180
116.8140
61.5860
4.0597
4.5597
6.8460
73.7790
1.2152
2.6551
3.9360
3.1868
3.2513
4.4344
109.3824
1.0372
2.3939
3.0446
0.5880
0.5854
0.5363
0.0874
0.8628
0.5957
0.5926
0.5310
0.5506
0.4816
0.0044
0.9710
0.5981
0.5675

35.0380
33.9660
26.4220
4.1360
830.6360
66.3480
36.2880
57.5220
63.1320
33.4260
4.0660
963.3200
130.5860
72.7640
4.0594
4.7986
7.6986
75.7771
1.1692
2.6159
3.8740
3.1952
3.3457
5.0629
109.3197
1.0357
2.4067
3.1723
0.6190
0.6097
0.5344
0.0151
0.8978
0.6418
0.6259
0.5590
0.5731
0.4676
0.0066
0.9722
0.6396
0.5918

40.5400
39.0620
29.4560
4.0980
867.2620
77.6720
42.1240
67.8400
69.9500
37.1140
4.0360
966.1160
142.0280
80.6300
4.1889
4.8672
8.3874
84.1396
1.1324
2.6125
3.8684
3.2805
3.4126
4.7646
109.6438
1.0329
2.3976
3.1314
0.6860
0.6720
0.5377
0.0073
0.9186
0.7203
0.6973
0.5810
0.6067
0.4608
0.0023
0.9733
0.7000
0.6430

42.4240
40.8620
30.5400
4.0740
870.7660
82.4440
44.0040
75.3480
71.7480
37.8560
4.0340
966.6620
144.1360
82.5800
4.1399
4.9977
7.9721
86.1899
1.1287
2.5756
3.9051
3.3372
3.4765
4.7860
109.6116
1.0324
2.4144
3.1413
0.7220
0.7025
0.5234
0.0052
0.9217
0.7489
0.7364
0.6250
0.6200
0.4678
0.0021
0.9737
0.7135
0.6549

1.32%-30.81%
1.37%–29.89%
0.81%–25.37%
0.10%–5.41%
0.08%–9.51%
0.08%–31.73%
1.46%–31.39%
2.58%–36.86%
1.25%–26.26%
1.17%–23.46%
0.25%–0.54%
0.76%–1.27%
0.05%–17.80%
1.12%–26.26%
0.33%–3.41%
0.25%–8.54%
2.17%–15.99%
4.01%–17.83%
0.07%–7.39%
0.33%–2.74%
2.30%–3.97%
0.13%–4.63%
0.41%–4.34%
3.43%–10.26%
0.01%–0.28%
0.70%–1.16%
0.09%–0.44%
0.94%–2.26%
1.63%–19.89%
1.88%–18.25%
0.26%–2.47%
18.88%–867.65%
0.14%–6.26%
0.49%–20.84%
1.75%–20.94%
2.19%–16.90%
2.36%–13.30%
0.12%–4.20%
6.22%–55.37%
0.44%–0.71%
1.48%–17.42%
1.29%–14.47%

Lorenz

Average path length

Rössler

Lorenz

Clustering coefficient

Rössler

Lorenz

n
on
mapped from all channels is denoted by SGN(1) = SGN(1)
, in
i
i=1

SGN(1)
i



ϕi(1) = Graph 2 vec SGN(1)
,
i

(11)

which
represents the first-order SGN extracted from Gi . For
each Gi and SGN(1)
i , we can get their feature vectors, which can be
understood as the compose of unique rooted subgraphs in graphs
simply, by Graph2vec as follows:

where ϕi(0) ∈ RK and ϕi(1) ∈ RK . Then, all the extracted feature vectors are fused together to obtain a single vector, denoted by 8 ∈
R2nK ,

ϕi(0) = Graph2vec (Gi ) ,

8 = ϕ1(0) kϕ2(0) · · · kϕn(0) kϕ1(1) kϕ2(1) · · · kϕn(1) ,
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FIG. 7. Graph features of the LPVG (M = 2) and CLPVG (M = 2) on chaotic signals with and without WGN.

where k represents a fusion operation in the horizontal direction. The simple fusion method results in higher dimensionality of
the feature vector. Therefore, Principal Components Analysis (PCA)
is then adopted to reduce the dimensionality of the unified feature
vector, to retain the features that contribute the most to the variance.
After PCA processing, we get a new θ -dimensional feature vector,
8θ = PCA(8),

(13)

θ

where 8θ ∈ R and the θ in our experiments is set to nK, i.e., half of
the 8’s dimension. This feature vector then is used as the input of
the classifier.

separated from the original dataset by 4:1. For the artificial and
EEG dataset, we fuse the features of the visibility graph and its
corresponding SGN(1) , and the results are obtained by tenfold crossvalidation. First, we convert the time series into the visibility graphs
by VG, LPVG, CVG, and CLPVG, where VG and CVG are special
cases of LPVG and CLPVG, respectively, when the limited penetrable distance M is zero. Then, we apply the SGN model to expand
the structural feature space for the visibility graphs of each channel.
Finally, we use feature fusion and PCA to get a unified feature vector, where K is set to 128 and correspondingly θ is set to nK, and use
a neural network with two dense fully connected layers to realize the
classification.

V. EXPERIMENTS
We apply the visibility graph models on artificial chaotic signals
classification, radio signal modulation recognition, and EEG signal
epilepsy detection to testify their effectiveness.
The overall framework for radio signal modulation classification is shown in Fig. 10, and the training set and the test set are
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A. Datasets
In this paper, we create an artificial dataset and use two realworld datasets, which are described in the following:
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FIG. 9. The process of constructing SGN(1) from a given graph G.
FIG. 8. The framework of structural feature space expansion.

• Artificial dataset: The dataset is generated by randomly assigning
initial values of signals in Sec. III. It contains 300 periodic and
600 chaotic signals with a length of 200. The chaotic signals are
composed of 300 Lorenz and 300 Rössler signals, and all three
types of signals contain the original signals, 20 and 30 dB signals
with the same number of samples.
• RADIOML 2016.10A:33 It is a synthetic dataset generated by
GNU Radio, which was first released at the 6th GNU Annual
Radio Conference. This signal dataset contains 11 modulation
types (BPSK, QPSK, 8PSK, 16QAM, 64QAM, BFSK, CPFSK, and
PAM4 for 8 digital modulations, and WB-FM, AM-SSB, and AMDSB for 3 analog modulations). Each modulation signal contains
20 different signal-to-noise ratios (SNRs). Each SNR contains
1000 samples. Each sample consists of an in-phase signal I and
a quadrature signal Q, which are the two sinusoids that have the
same frequency and are 90◦ out of phase. The modulation signal
can simply be denoted by s = I + jQ. Each signal contains 128
sampling points.
• Epilepsy EEG:16 It is published by the Department of Epilepsy at
the University of Bonn. All EEG recordings use the same 128channel amplifier system and use the average common reference
value for recording. The recorded data are digitized at 173.61 samples per second with a 12-bit resolution, and the bandpass filter is
set to 0.53–85 Hz. The complete EEG database contains five categories, which are represented as A, B, C, D, and E. The first two
are the surface records of healthy volunteers with eyes opened and
closed, respectively. C is the intracranial records of patients’ brain
in the seizure free interval during the hippocampal formation
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of the opposite hemisphere. D is the intracranial record of the
epileptic patient’s epileptogenic zone in the seizure free interval. E
is the record during seizure activity. Each category has 100 signals,
and each signal has a length of 4096. A 10–20 electrode placement
system is used to record EEG signals.
B. Data preprocessing
For RADIOML 2016.10A, we use amplitude√A and phase
W to expand the original signals, where A = I2 + Q2 and
W = arctan QI , as shown in Fig. 10. Then I/Q signals are expanded
into four-channel I/Q/A/W signals in the time domain.
For epilepsy EEG, it is time-consuming to convert a 4096length signal into a graph using visibility graph algorithms. Therefore, we divide each 4096-length signal into four segments of equal
length 1024 so as to increase the number of samples. According to Ref. 16, there is little difference in accuracy when considering segmented and non-segmented EEG signals. In addition
to segmenting the signal, the peak detection algorithm is widely
used in signal processing, such as EEG analysis,34 ECG analysis35
etc., which eliminates the influence of low-voltage noise covering the signal and reduce time complexity at the same time.
Here, we adopt a simple algorithm36 for EEG signals, in which
the number of sampling points is usually quite large. In particular, given a time series S = {x1 , x2 , . . . , xn }, a hyper-parameter w
is denoted as the time-window size. First, we extend the original
time series S to S1 = {0, 0, . . . , 0, x1 , x2 , . . . , xn , 0, 0, . . . , 0} by adding
w zero elements at the beginning and the end of S. Then, we
intercept xk ’s left segment {xk−w , . . . , xk−1 , xk } and right segment
{xk , xk+1 , . . . , xk+w } with length (w + 1), and mark their maximum

32, 013130-10

Chaos

ARTICLE

scitation.org/journal/cha

FIG. 10. The overall framework for radio signal modulation recognition by CLPVG.

as xleft-max and xright-max , respectively.
Finally, xk (k ∈ [1, n]) will be

retained if xleft-max + xright-max /2 ≤ xk or else removed from the
sequence. The time-window size w is set to 3 for EEG dataset.
C. Results and discussion
We first compare LPVG (M = 0, 1) and CLPVG (M = 0, 1)
on the artificial time series with and without SGN to demonstrate
the reasonable representation capacity. We set two simple binary
and a multi-class classification task, classifying sinusoidal signals
from Lorenz and Rössler signals, respectively, and these three types
from each other. The experimental results are shown in Table II.
Both LPVG and CLPVG show efficient representation for chaotic
and period signals, where there is no difficulty in distinguishing
between chaotic signals and periodic. By comparison, when dealing
with classifying sinusoidal, Lorenz, and Rössler signals, CLPVG performs better than LPVG, indicating that CLPVG can indeed behave

better in complex situations. As for the part of structural feature
space expansion, SGN is the relationship between the subgraphs in
the graph domain, which shows the similarity between links of sampling points in the time domain. Results show that the SGN can
expand the structural feature space of the underlying network, beneficial for network classification. We find that the gain of LPVG
is greater than CLPVG, indicating that valid information may be
covered by some noise links but SGN could help extract effective
information from subgraphs of inaccurate graphs. However, the
supplement is limited, less than the benefit of a reasonable graph
structure, which means the proper mapping methods prioritize
augmentation.
Then, we compare LPVG (M = 0, 1) and CLPVG (M = 0, 1)
on the radio signal dataset, and simply set α = 10 for all the channels. The experimental results under different SNRs are shown in
Table III. To ensure a fair comparison between LPVG and CLPVG,
we test their classification accuracy under the same experimental

TABLE II. The accuracy of LPVG (M = 0, 1) and CLPVG (M = 0, 1, α = 10) in classifying periodic and chaotic signals with and without SGN, where the boldface values are the
best accuracy in the same task.

Without SGN(1)
Task
Sin vs Rössler
Sin vs Lorenz
Sin vs Rössler vs Lorenz

With SGN(1)

VG

LPVG

CVG

CLPVG

VG

LPVG

CVG

CLPVG

100.00%
99.43%
98.13%

100.00%
98.70%
96.44%

100.00%
99.50%
97.38%

100.00%
99.73%
99.20%

100.00%
99.74%
98.69%

100.00%
99.05%
97.94%

100.00%
99.70%
98.62%

100.00%
99.81%
99.43%
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TABLE III. The accuracy of VG, LPVG (M = 1), CVG (α = 10) and CLPVG (M = 1, α = 10), with and without SGN, on data set RML2016.10a.

Without SGN(1)
SNR
18 dB
16 dB
14 dB
12 dB
10 dB
8 dB
6 dB
4 dB
2 dB
0 dB
−2 dB
−4 dB
−6 dB
−8 dB
−10 dB
−12 dB
−14 dB
−16 dB
−18 dB
−20 dB
>5 dB
≥0 dB
>−5 dB
Total

With SGN(1)

VG

LPVG

CVG

CLPVG

VG

LPVG

CVG

CLPVG

87.64%
86.86%
86.27%
85.73%
86.77%
86.27%
84.23%
82.36%
79.68%
70.68%
56.14%
47.45%
40.32%
34.82%
29.05%
23.14%
21.55%
19.27%
18.50%
19.14%
86.25%
83.65%
78.34%
57.29%

86.27%
85.82%
84.45%
85.32%
86.55%
84.36%
83.36%
82.00%
77.36%
68.27%
55.95%
46.73%
39.05%
34.73%
28.18%
23.86%
21.23%
19.82%
19.36%
19.00%
85.16%
82.38%
77.20%
56.58%

88.91%
88.86%
88.73%
89.27%
90.00%
87.68%
85.73%
83.77%
80.23%
73.09%
57.73%
50.27%
43.09%
37.64%
32.32%
26.45%
23.14%
19.27%
19.14%
17.86%
88.45%
85.63%
80.36%
59.16%

89.86%
89.55%
89.86%
90.18%
89.91%
89.05%
86.59%
85.77%
81.91%
72.59%
58.73%
48.18%
40.91%
35.91%
31.82%
26.50%
22.77%
19.95%
20.36%
19.32%
89.29%
86.53%
81.02%
59.49%

88.05%
87.95%
87.50%
87.91%
88.18%
86.82%
85.32%
82.73%
78.91%
72.41%
59.95%
49.82%
41.68%
36.59%
28.86%
25.55%
21.45%
19.50%
19.50%
19.14%
87.39%
84.58%
79.63%
58.39%

88.05%
86.82%
86.36%
87.36%
87.64%
86.59%
85.09%
84.09%
80.86%
71.50%
57.77%
49.32%
40.95%
34.95%
28.50%
23.14%
21.64%
20.55%
20.14%
20.23%
86.84%
84.44%
79.29%
58.08%

89.27%
89.64%
89.09%
88.82%
89.77%
88.36%
86.73%
86.05%
81.41%
74.09%
60.36%
50.59%
43.23%
36.45%
31.86%
25.77%
21.09%
19.86%
20.91%
18.64%
88.81%
86.32%
81.18%
59.60%

90.55%
90.86%
89.55%
90.55%
90.68%
89.73%
87.82%
86.32%
83.45%
75.64%
60.95%
50.91%
42.73%
36.27%
30.23%
24.64%
22.32%
20.05%
20.64%
18.27%
89.96%
87.51%
82.25%
60.11%

setting. Overall, we can get higher accuracy by using CLPVG, rather
than LPVG, and such superiority is more obvious for the signals
of higher SNR. This indicates that CLPVG is able to capture more
effective structural information from signals of relatively high SNR,
by setting an appropriate hyper-parameter α. In addition to setting the same hyper-parameter for all channels of signals, we can
also set different α for different channels to extract information
unique to this channel and then fuse them to get a better classification accuracy. However, the optimization of hyperparameters may
be time-consuming, which is left for future expansion. Besides, VG
performs better than LPVG, which indicates that the graphs constructed from radio signals are easily influenced by noise, and inappropriate penetrable methods cannot filter noise but may lose too
many local features and even introduce noise links. While CLPVG

performs better than CVG, which means that the circular visibility graph models combined with penetrable ability can further filter
noise reasonably. Therefore, in addition to parameter α, the limited
penetrable distance M can also be further explored in CLPVG.
Moreover, we further expand the structural features of visibility
graphs by SGN to improve the classification accuracy. Here, only the
first-order SGN is applied, and the results are also shown in Table
III. We find that SGN can indeed enhance both LPVG and CLPVG,
i.e., the classification accuracy is significantly higher when SGN is
adopted. By comparison, LPVG benefits more from SGN, indicating that LPVG is less effective than CLPVG in capturing signal latent
characteristics, while such weakness could be overcome to a certain
extent by mapping the visibility graphs to higher-order networks,
e.g., SGN. Nevertheless, SGN enhanced CLPVG still behaves

TABLE IV. The accuracy of VG, LPVG (M = 1), CVG (α = 10) and CLPVG (M = 1, α = 10), with and without SGN, on epilepsy EEG dataset.

Without SGN(1)
Task
A vs E
B vs E
C vs E
D vs E

With SGN(1)

Baseline

VG

LPVG

CVG

CLPVG

VG

LPVG

CVG

CLPVG

WVG16

99.88%
97.63%
98.37%
95.63%

100.00%
97.44%
98.69%
96.25%

100.00%
98.00%
97.81%
95.75%

100.00%
98.19%
98.70%
96.13%

99.81%
97.81%
98.69%
96.62%

100.00%
97.88%
98.94%
96.31%

100.00%
99.25%
98.62%
96.62%

100.00%
98.31%
99.00%
96.94%

100.00%
97.25%
98.25%
93.25%
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better than SGN enhanced LPVG, validating again the superiority
of CLPVG over LPVG.
We also compare LPVG (M = 0, 1) and CLPVG (M = 0, 1)
on the epilepsy EEG dataset, with the results shown in Table IV.
The main goal in epilepsy detection is to detect the seizure signal,
i.e., classifying the seizure state from others. Since there are totally
five categories in this dataset, here we design four binary classification tasks: classify E from A, B, C, and D, respectively. For each
binary task, both LPVG and CLPVG behave quite well, achieving
reasonable accuracy higher than 97%, and CLPVG is slightly better than LPVG in most cases. When SGN is adopted to expand
the feature space, CLPVG achieves significantly higher accuracy
than LPVG, validating the reasonable latent subgraph structure in
CLPVG. Besides, we compare our method with the typical weighted
visibility graph model,16 which is widely used as the baseline on
this EEG dataset.37–39 The results show that CLPVG with SGN again
outperforms other methods in most cases.
VI. CONCLUSION
Visibility graph provides a new way for signal processing.
In this paper, we introduce a new approach to construct visibility graphs, namely, Circular Limited Penetrable Visibility Graph
(CLPVG). To the best of our knowledge, this is the first time to
introduce the circle system into the construction of visibility graphs,
which increases the flexibility of our CLPVG model. A series of
experiments on both artificial and real-world time-series datasets
demonstrate the effectiveness of our CLPVG, compared with LPVG,
leading to its higher performance on time-series classification.
This study may trigger a burst of study on visibility graphs by
introducing more various nonlinear mapping mechanisms beyond
the circle system. It should be noted here that we only focus on
proposing more flexible visibility graph models, and thus just compare our CLPVG with classic LPVG to demonstrate its effectiveness.
Such models establish a bridge between time series and graphs,
help better understand the structure of time series by visualizing
them with graphs, and may inspire researchers to propose more
effective graph algorithms for signal processing. In the future, by
more systematically comparing time-domain and time-frequency
domain with graph domain based classifications, such visibility
graph models could be integrated into deep learning frameworks40
to automatically generate graphs for time series, which is expected
to significantly improve their feature extraction ability. There is a lot
of work to do to explore the graph representation of time series.
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