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Abstract— In this paper, the swarming behavior of multiple
Euler–Lagrange systems with cooperation–competition interactions is investigated, where the agents can cooperate or compete with each other and the parameters of the systems are
uncertain. The distributed stabilization problem is first studied,
by introducing an auxiliary system to each agent, where the
common assumption that the cooperation–competition network
satisfies the digon sign-symmetry condition is removed. Based on
the input–output property of the auxiliary system, it is found
that distributed stabilization can be achieved provided that the
cooperation subnetwork is strongly connected and the parameters
of the auxiliary system are chosen appropriately. Furthermore,
as an extension, a distributed consensus tracking problem of the
considered multiagent systems is discussed, where the concept of
equi-competition is introduced and a new pinning control strategy
is proposed based on the designed auxiliary system. Finally,
illustrative examples are provided to show the effectiveness of
the theoretical analysis.
Index Terms— Competition, cooperation, distributed consensus tracking, distributed stabilization, equi-competition, Euler–
Lagrange system.

I. I NTRODUCTION

M

ULTIAGENT systems (MASs) have been studied for
a long time in management science and computer
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science, which are always composed of many interconnected
agents. From the system and control theoretic perspective,
desirable swarming behavior in MASs aims to have the whole
group of agents working in a consistent way under the control
of a distributed protocol. In fact, the research on swarming
behavior can help better understand the coordination mechanisms of natural systems, such as flocking of birds and pattern
formation of bacteria colony, and thus provide guidance for
practical applications [1]–[5].
As a typical swarming behavior of MASs, consensus has
attracted much attention from various scientific communities,
such as applied mathematics, statistical physics, and systems
control theory [6]–[10], which aims to design an appropriate
protocol to drive the states of all the agents to reach an
agreement on a certain quantity of interest. Over the past
few years, significant progress has been made on consensus
of MASs. For example, Yu et al. [11] derived some necessary
and sufficient conditions to ensure the second-order consensus
in a directed network containing a directed spanning tree,
indicating that both real and imaginary parts of the eigenvalues
of the Laplacian matrix of the underlying communication
graph play key roles in the progress of reaching consensus.
To achieve a predesigned consensus state, Wen et al. [12] studied the consensus tracking problem of MASs with Lipschitztype nonlinear dynamics in a directed switching topology and
proposed a novel observer-based protocol. By constructing
some topology-dependent multiple Lyapunov functions, it was
proved that distributed consensus tracking could be ensured if
each possible topology contains a directed spanning tree rooted
at the leader and the dwell time is larger than a threshold value.
Furthermore, the distributed consensus tracking problem of
uncertain MASs with a single higher dimensional leader was
addressed in [13]. Recently, Zhao et al. [14] investigated the
tracking control problem of a class of pure-feedback nonlinear
systems with unknown time-delay and external disturbances as
well as actuation faults, where an exponentially decaying constraining function was introduced to confine the system output
into the prespecified region and the situation of actuator faults
was also addressed. Note that the predesigned state in the distributed consensus tracking can be regarded as a virtual leader,
so that in the case of multiple leaders, the distributed consensus tracking problem becomes the containment problem.
Qin et al. [15] studied the containment control problem for a
group of second-order agents with either stationary or dynamic
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leaders in the framework of heterogeneous network topologies,
and the corresponding containment control protocols were
designed. In addition, the containment control problem for an
uncertain nonlinear MAS with nonaffine pure-feedback was
considered in [16].
It should be noted that all the aforementioned results are
based on the common assumption that the weights of the
information exchange among agents are nonnegative, i.e., on
cooperation networks. The Laplacian matrix of a connected
cooperation network always has a zero eigenvalue, and all the
nonzero eigenvalues have positive real parts, which plays a
very important role in consensus analysis. However, competition relationship among agents in the real world is inevitably
subjected to limited resources [17]–[20], which naturally leads
to concerning what kind of swarming behaviors will happen
in a cooperation–competition network. Encouragingly, some
theoretical results on swarming behavior in cooperation–
competition networks have been obtained. Hu et al. [21] developed a novel time-delayed impulsive control framework to
address the second-order consensus problem in cooperation–
competition networks with switching topologies, under which
several sufficient conditions were derived. Furthermore, a new
framework was introduced in [22] to address heterogeneous
MASs on cooperation–competition networks in a unified way.
In addition, the cluster consensus problem [23] was addressed
on a cooperative–competitive network with weighted interactions, which could be classified into three categories, and
it was proved that cluster consensus can be reached on
interactively balanced or subbalanced networks, while on
interactively unbalanced networks, cluster consensus can be
guaranteed with pinning control. The work in [24] proposed
a bipartite consensus scheme on a signed graph, which can
be regarded as a special kind of cooperation–competition
network, and it was proved that bipartite consensus can
be achieved when the network is structurally balanced and
strongly connected. Then, interval bipartite consensus was
studied in [25], assuming that the underlying signed graph
contains a spanning tree. More recently, Hu et al. [26] considered the reverse group consensus problem for cooperation–
competition networks, and it was found that the in-degree
balance condition can be removed and the competition relationship plays a positive role in reverse group consensus.
Meng et al. [27] investigated the finite-time bipartite consensus
problem on signed graphs, where two nonlinear protocols were
constructed based on the properties of the Laplacian potential
of network topologies.
As discussed earlier, there exist various swarming behaviors
of MASs associated with cooperation–competition networks.
Meanwhile, there are some real constraints considered in
the literature [21]–[27]. In [21]–[23], an extra controller was
needed in order to overcome the competitive factor and help
the agents to achieve consensus. The results in [24]–[27]
were obtained based on a common assumption that the
weights of the information exchange among agents satisfy
the digon sign-symmetry condition, and such an assumption
can offer an ability to address both undirected and directed
cooperation–competition networks in a unified way. Note
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that the dynamics of the agents were usually represented
by the first-order integrators [24], [25], [27], but in some
applications, the dynamics are always more complicated,
which need to be further generalized in the studies of real
applications.
Inspired by the recent developments in MASs, this paper
further investigates the swarming behavior of MASs in a
cooperation–competition network without assuming the digon
sign-symmetry condition and without using external control.
Specifically, all the agents are governed by the Euler–Lagrange
systems [28]–[30], and the parameters of these systems are
allowed to be uncertain. A second-order auxiliary system is
designed for each agent, and a time-varying estimator for
the uncertain parameters of each agent is proposed. It should
be noted that the information exchange in the cooperation–
competition network guides the evolution of the auxiliary
system in the new framework. As a special kind of swarming
behaviors, distributed stabilization of MASs is first studied.
By utilizing the input–output property of the auxiliary system,
it is proved that distributed stabilization can be achieved
provided that the cooperation subnetwork is strongly connected and the parameters of the auxiliary system are chosen
appropriately. In other words, no matter what structure the
competition subnetwork has, as long as it is strongly connected, distributed stabilization can be achieved, which means
that the cooperation subnetwork plays a crucial role in the
distributed stabilization of MASs.
In general, due to the intrinsic nonlinearity of the Euler–
Lagrange system, it is difficult to achieve consensus tracking
in multiple Euler–Lagrange systems. However, in this paper,
the introduction of an auxiliary system provides the possibility
to solve this problem, as the auxiliary system can regulate the
behavior of the Euler–Lagrange system and also compensate
for the nonlinearity of the system effectively. With the help
of the auxiliary system, a new pinning control strategy is
proposed to solve the distributed consensus tracking problem
in an equi-competition network. Moreover, it is shown that
for the equi-competition network with a strongly connected
cooperation subnetwork, distributed consensus tracking can be
achieved if the predesigned state is slowly varying.
The rest of this paper is organized as follows. The system model and some basic definitions in the cooperation–
competition network, together with the preliminary mathematical results, are given in Section II. Then, theoretical results
on distributed stabilization and distributed consensus tracking
in the equi-competition network are presented in Section III,
and these results are validated by simulation experiments in
Section IV. Finally, conclusions are drawn in Section V.
Notations: Standard notations will be used. Specifically, ∅
denotes the empty set, R and R p are the set of real numbers
and the set of p × 1 real column vectors, respectively, and
1 p = [1, . . . , 1]T ∈ R p . I p denotes the p × p identity
matrix. The Kronecker product is represented by ⊗. For a
matrix A ∈ R p× p , its eigenvalue is denoted by λ (A).
Moreover, C[0, ∞) denotes the set of continuous functions
over the time interval [0, ∞), L ∞ [0, ∞) denotes the set
{ f : R≥0 → R p | f ∞ < ∞} with  f ∞ = supt ≥0  f (t),

Authorized licensed use limited to: Zhejiang University of Technology. Downloaded on June 16,2021 at 23:58:07 UTC from IEEE Xplore. Restrictions apply.

5728

IEEE TRANSACTIONS ON NEURAL NETWORKS AND LEARNING SYSTEMS, VOL. 29, NO. 11, NOVEMBER 2018

and L 2 [0, ∞) represents the set of square-integrable vector1
∞
valued functions, i.e.,  f 2 = ( 0 f T (t) f (t)dt) 2 < ∞.
Matrices and vectors, if not explicitly stated, are assumed to
have compatible dimensions.
II. M ATHEMATICAL P RELIMINARIES
In this section, the Euler–Lagrange system model and
some basic concepts in the cooperation–competition network,
together with some preliminary mathematical results, are introduced.
A. System Model
In the new framework, the agents are described by Euler–
Lagrange dynamics [28]–[30], which are commonly used to
model many physical systems of practical interest, such as
robotic manipulators and rigid bodies, in the following form:
Mi (qi )q̈i + Ci (qi , q̇i )q̇i + gi (qi ) = τi

(1)

where qi ∈
is the vector of generalized coordinates,
Mi (qi ) ∈ R p× p is the symmetric positive-definite inertia
matrix, Ci (qi , q̇i )q̇i ∈ R p is the vector of Coriolis and
centrifugal torques, gi (qi ) is the vector of gravitational torque,
and τi ∈ R p is the vector of the torques produced by the
actuators, i = 1, . . . , n. Owing to the structure of Euler–
Lagrange systems, (1) has three basic properties as follows.
1) For every i ∈ I = {1, . . . , n}, there are positive constants k M , k M , kC , and k g such that k M I p ≤ Mi (qi ) ≤
k M I p , Ci (qi , q̇i ) ≤ kC̄ q̇i , and gi (qi ) ≤ k g .
2) The matrix Ṁi (qi ) − 2Ci (qi , q̇i ) is skew symmetric.
3) The Euler–Lagrange system can be linearly parameterized, that is, for any x, y ∈ R p , one has
Rp

Mi (qi )x +Ci (qi , q̇i )y +gi (qi ) = Yi (qi , q̇i , x, y)θi

(2)

where Yi (qi , q̇i , x, y) is the regression matrix and θi is
an unknown vector associated with agent i .
According to (2), the vector θi should be estimated by using
the information from the regression matrix Yi .
Before proceeding, the following lemmas are introduced.
Lemma 1 [31]: Let φ : R → R be a uniformly continuous
t
function on [0, ∞), and suppose that limt →∞ 0 φ (τ )dτ
exists and is finite. Then, φ (t) → 0 as t → ∞.
Lemma 2 [32]: Given system ẋ = Ax + Bu, suppose that
the system ẋ = Ax is asymptotically
stable and the control

∞)
L
[0,
∞).
Then, both x(t) and
term u(t) ∈ L ∞ [0,
2

ẋ(t) ∈ L ∞ [0, ∞) L 2 [0, ∞). Moreover, x(t) is uniformly
continuous, and x(t) → 0 as t → ∞.
B. Topology Description
The communication topology among agents will be modeled
by a network without multiple edges and self-loops. Consider
a weighted directed network
= (V, ζ, A), where V =
{π1 , π2 , . . . , πn } is a nonempty finite vertex set, ζ ⊆ V × V
is an edge set of pairs of vertices, and A = [ai j ] is a
weighted matrix. Throughout, symbol πi represents agent i ,
and an edge in
is denoted by ei j = (πi , π j ), which
is associated with a nonzero weight, i.e., (πi , π j ) ∈ ζ ⇔
ai j = 0. In this case, agent i can obtain the information of

agent j . Moreover, the neighbor set of agent i is denoted by
Ni = {π j | (π j , πi ) ∈ ζ }. In this paper, the weight of the edge
is allowed to be less than zero, whereas ai j < 0 indicates
that agent j competes with agent i . Therefore, the relationship between two agents can be cooperative or competitive,
and such a network is called a cooperation–competition network [21]–[27].
Furthermore, for a given cooperation–competition network
, the neighbor set of agent i can be divided into two
parts according
 to positive or negative weights, i.e., Ni =
{π j |ai j > 0} {π j |ai j < 0}, which are denoted by Ni+ and
Ni− , representing the cooperative and competitive neighbors of
agent i , respectively. Then, the whole network can be decomposed into two subnetworks, i.e., cooperation subnetwork +
and competition subnetwork − . Note that the cooperation
with the same
subnetwork + has the same vertex set in
positive weighted edge subset ζ . A similar description applies
to the competition subnetwork − .
In addition, the information exchange between the agent and
its neighbors can be classified into two categories; the term
ai j (q j + qi ) with ai j < 0 represents the information exchange
between agent i and its competition neighbor j , while the
information exchange between two cooperation agents is
described by ai j (q j − qi ) with ai j > 0. Then, the information
exchange of the whole network can be characterized by matrix
 = [i j ] ∈ R n×n , and the elements are defined as
⎧
⎪
ai j −
ai j , i = j
⎨
i j = j ∈Ni+
(3)
j ∈Ni−
⎪
⎩
−ai j ,
i= j
which is a generalization of the Laplacian matrix of the
cooperation network.
Remark 1: The competition relationship in this paper is
defined as that agent j competes with agent i if and only
if the action of agent j cooperating with agent i is reversed
based on the relation of ai j (q j +qi ) = (−ai j )(−q j −qi ), which
is different from that introduced in [21] and [22], where the
competition term is described by ai j (q j − qi ) with ai j < 0.
Note that the Laplacian matrix of the cooperation–competition
network in [21] and [22] has a zero eigenvalue with the
corresponding eigenvector 1n . Nevertheless, it is still an open
issue to determine whether or not the nonzero eigenvalue have
positive real parts, which will hinder the convergence analysis
of the MASs.
III. M AIN R ESULTS
In this section, the swarming behavior of multiple
Euler–Lagrange systems with uncertain parameters in the
cooperation–competition network is investigated. By designing
the second-order auxiliary system, distributed stabilization
is studied, and several sufficient conditions are established.
Then, as an extension of distributed stabilization, distributed
consensus tracking in the equi-competition network is also
discussed.
Let the cooperation–competition network
consist of n
(n > 1) agents, and all agents are governed by the same
Euler–Lagrange system with parametric uncertainties. In the
new framework, the second-order auxiliary system is designed
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i (t),

⎡
⎢
⎢
⎢
⎣

one can rewrite it in a compact form (8)
⎡
⎤
−
a1 j (q j − q1 ) −
a1 j (q j + q1 )+ q̇1
⎢
⎥
⎥
j ∈N1−
⎤ ⎢ j ∈N1+
T (t)
⎢
⎥
1
⎢
a2 j (q j − q2 ) −
a2 j (q j + q2 )+ q̇2⎥
T (t)⎥ ⎢−
⎥
2
⎥
⎥ ⎢
+
j ∈N2−
⎥
.. ⎥ = ⎢ j ∈N2
⎢
⎥
⎦
.
..
⎢
⎥
.
T (t)
⎢
⎥
n
⎢
⎥
⎣−
an j (q j − qn ) −
an j (q j + qn )+ q̇n⎦
j ∈Nn+

Fig. 1.

j ∈Nn−

= ( ⊗ I p )q(t) + q̇(t)

System framework of the cooperation–competition network.

(8)
T

for each agent, where the information exchange among the
agents will guide the evolution of the auxiliary system, while
the auxiliary system also affects the Euler–Lagrange system,
as shown in Fig. 1.
The second-order auxiliary system is designed as
ẋ i (t) = vi (t)
v̇i (t) = i (t) + k1 vi (t), ∀i ∈ I = {1, . . . , n}
where x i (t), vi (t) ∈ R p , k1 < 0 denotes
and k1 vi (t) is the damping term [6]. The
distributed protocol on agent i , which is
the information exchange between agent i
satisfying
i (t)

=−

ai j (q j − qi ) −
j ∈Ni+

ai j (q j + qi ) + q̇i (5)

j ∈Ni+

−

the damping gain
term i (t) is the
used to represent
and its neighbors,

j ∈Ni−

so that (4) can be further written as
⎧
⎪
ẋ i (t) = vi (t)
⎪
⎪
⎪
⎪
⎪
ai j (q j −qi )
⎨v̇i (t) = k1 vi (t) −
⎪
⎪
⎪
⎪
⎪
⎪
⎩

(4)

∀i ∈ I = {1, . . . , n}.

ai j (q j + qi ) + q̇i ,
j ∈Ni−

(6)
Remark 2: The introduction of the auxiliary system (6) utilizes some local information to extend the state variables and
will be used to assist the relevant convergence analysis. Furthermore, when the cooperation–competition network degenerates to the cooperation network, i.e., Ni− = ∅ for all i ∈ I =
{1, . . . , n}, the corresponding protocol i (t) will reduce to a
cooperation protocol, i.e., i (t) = − j ∈N + ai j (q j − qi )+q̇i ,
i
which is consistent with the protocol in [6].
Moreover, for agent i , let ηi (t) be a reference for the vector
q̇i (t). Then, by using the auxiliary system, a neighbor-based
dynamical system for ηi (t) is designed as follows:
η̇i (t) =

ai j (q j − qi ) +
j ∈Ni+

ai j (q j + qi ) + k2 x i

(7)

j ∈Ni−

where ηi (t) ∈ R p and k2 < 0. Next, considering the protocol

and q̇(t)
=
where q(t)
=
[q1T (t), . . . , qnT (t)]
T
[q̇1T (t), . . . , q̇nT (t)] . Observe that the spectral property of
matrix  affects the behavior of the agents in the cooperation–
competition network, which needs to be considered first.
Therefore, before moving on, the following lemma is
introduced, which provides the spectral characterization for
matrix  of the cooperation–competition network .
Lemma 3: Let matrix  = [i j ] represent the topology of
the cooperation–competition network , and there is at least
one competitive edge. If the cooperation subnetwork + is
strongly connected, then all the eigenvalues of  have positive
real parts.
Proof: First, it can be shown that all the eigenvalues of 
have nonnegative real parts. In fact, according to the definition
of matrix , one has ii =
j ∈Ni+ ai j −
j ∈Ni− ai j ≥ 0,
i ∈ I = {1, . . . , n}. Since the cooperation subnetwork + is
strongly connected, one has
j ∈Ni+ ai j > 0, which implies
that ii > 0, i ∈ I = {1, . . . , n}. Furthermore, observe that
j =i |i j | =
j =i | − ai j | =
j ∈Ni+ ai j −
j ∈Ni− ai j =
ii , which implies that ii −
|
|
=
0,
i ∈ I =
ij
j =i
{1, . . . , n}. Then, it follows from the Gershgorin disk theorem
that each eigenvalue of matrix  lies within at least one of the
closed disks Di = {z||z − ii | ≤ Ri } with Ri =
j =i |i j |,
∀i ∈ I . This implies that the eigenvalues of matrix  either
have positive real parts or are equal to zero.
Next, it can be shown that zero is not an eigenvalue of
matrix . Suppose, on the contrary, that zero is an eigenvalue
of matrix . Then, there exists a nonzero vector Z =
[z 1 , . . . , z n ]T ∈ R n such that  Z = 0. Denote z i ∗ =
max j {z j }. Without loss of generality, assume that z i ∗ > 0.
Otherwise, one can choose Z̄ = −Z . Because the cooperation
subnetwork + is strongly connected, one has Ni+∗ = ∅.
It then follows from  Z = 0 that:
ai ∗ j (z j − z i ∗ ) +
j ∈Ni+∗

ai ∗ j (z j + z i ∗ ) = 0.

(9)

j ∈Ni−∗

Obviously,
≤
0. Therefore,
j ∈Ni+∗ ai ∗ j (z j − z i ∗ )
if
j ∈N +∗ ai ∗ j (z j − z i ∗ ) = 0, then z j0 = z i ∗ for any
i

j0 ∈ Ni+∗ . Thus, one can replace i ∗ with j0 in (9) to get
a j0 j (z j − z j0 ) ≤ 0. Furthermore, by induction, one
j ∈N +
j0
can conclude that Z = α1n with α > 0. However, it can be
obtained from (9) that α = 0, which is a contradiction. That
is, there must exist k ∈ I = {1, . . . , n} such that z k = z i ∗
and
j ∈Nk+ akj (z j − z k ) < 0. Based on this observation,
assume that k = i ∗ without loss of generality. By (9), one has
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j ∈Ni−∗

ai ∗ j (z j + z i ∗ ) > 0, which implies that there exists

Ni−∗

∈
such that z j ∗ + z i ∗ < 0, i.e., z j ∗ < −z i ∗ . Denote
z i∗ = min j {z j }. Then, one can obtain that z i∗ ≤ z j ∗ < −z i ∗ ,
so that z i∗ < 0. Similar to (9), one has
ai∗ j (z j − z i∗ ) +
j ∈Ni+∗

ai∗ j (z j + z i∗ ) = 0.

(10)

j ∈Ni−∗

Due to the fact that

j ∈Ni+∗

ai∗ j (z j − z i∗ ) > 0, one can obtain

ai∗ j (z j + z i∗ ) < 0, and so there exists j∗ ∈ Ni−∗ such
that z j∗ + z i∗ > 0, i.e., z j∗ > −z i∗ . Altogether, one has
z j∗ > −z i∗ > z i ∗ , and this leads to a contradiction with the
definition of z i ∗ . Hence, zero is not an eigenvalue of matrix
. Therefore, all the eigenvalues of  have positive real parts,
and this completes the proof.
Remark 3: In Lemma 3, the spectral property of matrix 
is provided when the cooperation subnetwork + is strongly
connected. It should be noted that the cooperation–competition
network must contain at least one competitive edge and thus
cannot degenerate to the cooperation network. In this case, all
the eigenvalues of  have positive real parts. This shows that
the cooperation subnetwork + plays a crucial role in the
spectral property of matrix . Furthermore, from the perspective of the rooted cycle [24], [25], the cooperation–competition
network
must have at least one negative rooted cycle
when the cooperation subnetwork + is strongly connected,
which is similar to the results in [24] and [25]. However,
it should be noted that the digon sign-symmetry condition
used in [24]–[26] is not required by Lemma 3 here, which
is more convenient for analyzing the spectral characterization
of the cooperation–competition network.
In order to derive the main results, the following concept is
introduced.
Definition 1: For the cooperation–competition network
with n agents, the MASs (1) is said to asymptotically achieve
distributed stabilization if, for any initial conditions, the solutions of system (1) satisfy limt →∞ qi (t) = limt →∞ q̇i (t) = 0,
∀i ∈ I = {1, . . . , n}.
According to Definition 1, the states of all agents will tend
to zero as t → ∞, which is similar to the stabilization of a
single controlled plant. For a single controlled plant, some control strategies have been developed to solve the stabilization
problem, such as PID control, adaptive control, and intelligent
control. However, in MASs, distributed stabilization can be
achieved through a distributed protocol, i.e., the information
exchange among agents, and this is a significant difference
between distributed stabilization and stabilization.
Theorem 1: Consider a cooperation–competition network
with n agents governed by the Euler–Lagrange systems (1),
and assume that the cooperation subnetwork + is strongly
connected. Let τi in the Euler–Lagrange systems (1) be defined
as follows:
j ∈Ni−∗

τi = Yi (qi , q̇i , η̈i , η̇i )θ̂i − K i (q̇i − η̇i )

(11)

where K i is a positive definite matrix, and θ̂i is the estimate
of the unknown parameter θi in (2), with the estimation law
θ̂˙ i = −Ti YiT (qi , q̇i , η̈i , η̇i )[q̇i − η̇i ]

(12)

where Ti is a positive definite matrix and ηi is given by (7).
Then, for any initial states qi (0) and q̇i (0), the MASs (1)
asymptotically achieve distributed stabilization.
Proof: First, define new variables ξi = q̇i − η̇i and θ̃i =
θ̂i − θi , ∀i ∈ I . Using (6) and (7), one has
v̇i (t) + η̇i (t) = k1 vi (t) + k2 x i (t) + q̇i (t), ∀i ∈ I

(13)

which can be rewritten as
ξi (t) = q̇i (t) − η̇i (t) = v̇i (t) − k1 vi (t) − k2 x i (t).

(14)

Furthermore, from 3), it follows that:
Mi (qi )η̈i + Ci (qi , q̇i )η̇i + gi (qi ) = Yi (qi , q̇i , η̈i , η̇i )θi . (15)
Hence, based on (1) and (15), it implies that
Mi (qi )[q̈i − η̈i ] + Ci (qi , q̇i )[q̇i − η̇i ]
= τi − Yi (qi , q̇i , η̈i , η̇i )θi .

(16)

That is,
Mi (qi )ξ̇i + Ci (qi , q̇i )ξi = Yi (qi , q̇i , η̈i , η̇i )θ̃i − K i ξi . (17)
Next, consider the following quadratic function:
V (t) =

1
2

n




ξiT Mi (qi )ξi + θ̃iT Ti−1 θ̃i .

(18)

i=1

In order to study the dynamical behavior of system (17), one
can calculate the derivative of V (t) with respect to time as
shown in (19)

n 
1
V̇ (t) =
ξiT Mi (qi )ξ̇i + ξiT Ṁi (qi )ξi + θ̃iT Ti−1 θ̃˙ i
2
i=1

n


ξiT Yi (qi , q̇i , η̈i , η̇i )θ̃i − K i ξi − Ci (qi , q̇i )ξi
=
i=1

n

=
i=1


1 T
T −1 ˙
+ ξi Ṁi (qi )ξi + θ̃i Ti θ̂ i
2



1 T
T
T
ξ Ṁi (qi )ξi − ξi Ci (qi , q̇i )ξi
−K i ξi ξi +
2 i
+ ξiT Yi (qi , q̇i , η̈i , η̇i )θ̃i



− θ̃iT YiT (qi , q̇i , η̈i , η̇i )ξi

n

=−

K i ξiT ξi

(19)

i=1

where the fact that Ṁi (qi ) − 2Ci (qi , q̇i ) is skew symmetric,
i.e., 2), has been used, and also (12) has been applied. This
indicates that V (t) is not increasing with t. Since V (t) ≥ 0,
∀t ∈ [0, ∞), the function
 V (t) is bounded, which implies
that ξ (t) ∈ L ∞ [0, ∞) L 2 [0, ∞) and θ̃(t) ∈ L ∞ [0, ∞),
T
T
where ξ = [ξ1T , ξ2T , . . . , ξnT ] and θ̃ = [θ̃1T , θ̃2T , . . . , θ̃nT ] .
T
Moreover, denote ζi = [x iT , viT ] . Then, it follows from (14)
that:





0
1
0
ζ̇i (t) =
⊗ I p ζi (t) +
.
(20)
k2 k1
ξi (t)
Thus, the corresponding characteristic equation of
matrix k02 k11 is λ2 − k1 λ − k2 = 0, and since
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0 1
k1 , k2
<
0, the eigenvalues of matrix
k2 k1
have negative
parts.
Consequently, the system
 0 real


1
ζ̇i (t) =
stable.
k2 k1 ⊗ I p ζi (t) is asymptotically

Furthermore, since ξ (t) ∈ L ∞ [0, ∞) L 2 [0, ∞), one gets

T
[0T , ξiT (t)] ∈ L ∞ [0, ∞) L 2 [0, ∞). Thus,
 by Lemma 2,
one has both ζi (t) and ζ̇i (t) ∈ L ∞ [0, ∞) L 2 [0, ∞) and
T
ζi (t) → 0 as t → ∞. Let x = [x 1T , x 2T , . . . , x nT ] and
T
. Then, it follows that x(t), v(t),
v = [v1T , v2T , . . . , vnT ] 
and v̇(t) ∈ L ∞ [0, ∞) L 2 [0, ∞), and limt →∞ x(t) = 0
and limt →∞ v(t) = 0. By using vector notations, one can
rewrite (6) as follows:
(21)
q̇(t) = −( ⊗ I p )q(t) + v̇(t) − k1 v(t)

where v̇(t) − k1 v(t) ∈ L ∞ [0, ∞) L 2 [0, ∞). Then, it follows fromLemmas 2 and 3 that both q(t) and q̇(t) ∈
L ∞ [0, ∞) L 2 [0, ∞) and limt →∞ q(t) = 0. From (7), one
has
η̇(t) = −( ⊗ I p )q(t) + k2 x(t)

(22)

T

where η = [η1T , η2T , . . . , ηnT ] , which implies that η̇(t) ∈
L ∞ [0, ∞) L 2 [0, ∞). Moreover, it follows from (22) that:
(23)
η̈(t) = −( ⊗ I p )q̇(t) + k2 v(t)

which indicates that η̈(t) ∈ L ∞ [0, ∞) L 2 [0, ∞).
Based on the above-mentioned analysis, one gets the regression matrix Yi (qi , q̇i , η̈i , η̇i ) ∈ L ∞ [0, ∞). According to 1),
matrices Mi (qi ) and Ci (qi , q̇i ) are bounded, which implies
that ξ̇i (t) ∈ L ∞ [0, ∞) based on (17). Hence, it follows
from (19) that V̈ (t) = −2 ni=1 K i ξiT ξ̇i is a bounded function,
i.e., V̈ (t) ∈ L ∞ [0, ∞), and one can conclude that V̇ (t)
is a uniformly continuous function on [0, ∞). In light of
Lemma 1, one has limt →∞ V̇ (t) = 0, which means that
limt →∞ ξi (t) = 0, ∀i ∈ I = {1, . . . , n}. In terms of (14)
once more, one has limt →∞ v̇i (t) = 0, ∀i ∈ I = {1, . . . , n}.
Then, from (6), it follows that limt →∞ q̇(t) = 0. Thus,
the MASs (1) asymptotically achieve distributed stabilization,
and this completes the proof.
Remark 4: In Theorem 1, by designing the second-order
auxiliary system, the challenging issue of distributed asymptotical stabilization for multiple Euler–Lagrange systems (1)
is solved under the condition that the cooperation subnetwork
+ is strongly connected. It is noticed that the design of
control torques τi for agent i does not directly rely on
the information of its neighbors, which is different from
that introduced in [30]. Actually, the neighbor’s information
guides the evolution of the auxiliary system (4), and then,
the states of the auxiliary system affect the Euler–Lagrange
systems (1) through the torques τi . Moreover, it is required
in Theorem 1 that matrices K i and Ti are positive definite.
Here, it is found that the convergence speed of distributed
stabilization can be influenced by matrix K i in (19), which
should be chosen appropriately.
In practice, the agents always work for certain purposes
such as converging to a predesigned state trajectory, which
gives rise to an interesting and important topic of distributed
consensus tracking [12]–[16], introduced as follows.
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Definition 2: Given a predesigned state trajectory qd (t),
the MASs (1) in the cooperation–competition network are
said to asymptotically achieve distributed consensus tracking
if, for any initial conditions, the solutions of system (1) satisfy
limt →∞ qi (t) − qd (t) = limt →∞ q̇i (t) − q̇d (t) = 0,
∀i ∈ I = {1, . . . , n}.
In order to achieve distributed consensus tracking, the predesigned state trajectory qd (t) should be fed back to the agent
system, that is, one should design a corresponding feedback
control law. Furthermore, in the MASs, there are usually many
agents, and it is unrealistic to design one feedback controller
for each agent. To reduce the number of controllers, a natural
approach is to pin only a small fraction of the agents, known
as the pinning control strategy [33]–[36]. It should be pointed
out that existing studies [33]–[36] consider the pinning control
strategy for cooperation networks, aiming to determine how
many agents to pin and to design the pinning control gains.
However, cooperation–competition networks are considered
in this paper. According to Lemma 3, when the cooperation
subnetwork + is strongly connected, all the eigenvalues of
− have negative real parts, which implies that the information exchange among the agents becomes increasingly weaker
over time, which leads every agent to gradually become an
isolated system. Generally speaking, in this case, one needs
to pin all the agents in the whole subnetwork to achieve
distributed consensus tracking, but this contradicts the idea of
the pinning control strategy. To solve this problem, the concept
of equi-competition for the cooperation–competition network
is introduced as follows.
Definition 3: The cooperation–competition network
is
equi-competition if
bi− =

0, if Ni− = ∅
c, if Ni− = ∅

for i = 1, 2, . . . , n

where bi− = j ∈N − ai j and c < 0 is a constant.
i
When the cooperation–competition network
is equicompetition, the second-order auxiliary system (4) is
redesigned to be
⎧
⎪
⎪
⎪ẋ i (t) = vi (t)
⎪
⎪
⎪
ai j (q j − qi )
⎨v̇i (t) = k1 vi (t) −
+
(24)
j ∈Ni
⎪
⎪
⎪
ai j (q j + qi ) + q̇i + 2cdi qd (t)
−
⎪
⎪
⎪
⎩
−
j ∈N
i

where 2cdi qd (t) is the pinning control term, and di = 1 if
bi− = c; otherwise, di = 0.
Remark 5: In (24), the pinning control term is represented by 2cdi qd (t), and this is different from that introduced
in [33]–[36], which uses the relative errors, i.e., qi (t) − qd (t),
where the derivative term of the relative error is needed for
the distributed consensus tracking problem of the secondorder system, i.e., q̇i (t) − q̇d (t). It can be seen from the
subsequent analysis that the distributed consensus tracking
problem may also be transformed to the stability problem
of the corresponding error system. However, in the present
framework, the predesigned state trajectory qd (t) is fed back
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to the pinned-agent directly, not the relative error, and without
using the derivative term.
Furthermore, let ηi (t) be the reference for the vector q̇i (t),
which is redesigned as follows:
η̇i (t) =

ai j (q j − qi ) + k2 x i
j ∈Ni+

+

ai j (q j + qi ) − 2cdi qd (t) (25)
j ∈Ni−

where ηi (t) ∈ R p and k2 < 0. Then, similar to the analysis of
Theorem 1, the following theorem gives a sufficient condition
for distributed consensus tracking.
Theorem 2: Assume that a cooperation–competition network
with n agents governed by the Euler–Lagrange systems (1)
is equi-competition, and the cooperation subnetwork + is
strongly connected. Let τi in the Euler–Lagrange systems (1)
be defined by (11), together with the estimation law (12),
where K i and Ti are positivedefinite matrices, and ηi is given
by (25). If q̇d (t) ∈ C[0, ∞) L 2 [0, ∞) and limt →∞ q̇d (t) =
0, then for any initial states qi (0) and q̇i (0), the MASs (1)
asymptotically achieve distributed consensus tracking.
Proof: First, define new variables ξi = q̇i − η̇i and θ̃i =
θ̂i − θi , ∀i ∈ I . Then, it follows from (24) and (25) that:
v̇i (t) + η̇i (t) = k1 vi (t) + k2 x i (t) + q̇i (t).

(26)

ξi (t) = q̇i (t) − η̇i (t) = v̇i (t) − k1 vi (t) − k2 x i (t).

(27)

That is,

Next, similar to Theorem 1, consider the quadratic function V (t) 
defined in (18). One can show that ξ (t) ∈
from (27), one has x(t),
L ∞ [0, ∞) L 2 [0, ∞). Moreover,

v(t), and v̇(t) ∈ L ∞ [0, ∞) L 2 [0, ∞), and limt →∞ x(t) = 0
and limt →∞ v(t) = 0. Let q̃i (t) = qi (t) − qd (t), ∀i ∈ I =
{1, . . . , n}. Since the cooperation–competition network
is
equi-competition, (24) can be rewritten as follows:
v̇i − q̇d = k1 vi −

ai j (q̃ j − q̃i )
j ∈Ni+

−

ai j (q̃ j + q̃i ) + q̇i − q̇d

(28)

˙ = −( ⊗ I p )q̃(t) + v̇(t) − 1n ⊗ q̇d (t) − k1 v(t)
q̃(t)

(29)

j ∈Ni−

namely

T

where q̃ = [q̃1T , q̃2T , . . . , q̃nT ] . Furthermore, when the predesigned state trajectory qd (t) satisfies q̇d (t) ∈ C[0, ∞)
and limt →∞ q̇d (t) = 0, there exists M > 0 such that
q̇d (t) ≤ M, i.e., q̇d (t) ∈L ∞ [0, ∞). Hence, v̇(t) − 1n ⊗
q̇d (t)−k1 v(t) ∈ L ∞ [0, ∞) L 2 [0, ∞). Thus, it follows
from
˙ ∈ L ∞ [0, ∞)  L 2 [0, ∞)
Lemmas 2 and 3 that both q̃(t), q̃(t)
and limt →∞ q̃(t) = 0, i.e., lim t →∞ qi (t) − qd (t) = 0,
∀i ∈ I = {1, . . . , n}. The remaining part of the proof is similar
to that of Theorem 1, and this completes the proof.
Remark 6: In Theorem 2, it is required that the cooperation
subnetwork + is strongly connected, and the cooperation–
competition network
is equi-competition. Actually, in the
framework of the conventional pinning control, the agents with

competitive neighbors should be pinned, and the pinning control gain is equal to −2c, where c = j ∈N − ai j . Thus, the pini
ning controller designed here is more like a compensator. Note
that the pinning control strategy (24) is more effective when
the whole network has less competitive edges, i.e., when it is
a strong-cooperation weak-competition network. Furthermore,
in the cooperation–competition network , when most of the
agents have competitive neighbors, the number of controllers
may be large using the pinning control strategy (24), so it is
a difficult task to reduce the number of controllers in such a
case. This needs to be considered in the future.
Remark 7: With the help of the designed auxiliary system,
the distributed consensus tracking problem is successfully
solved by Theorem 2. More precisely, the pinning control
strategy is applied to the auxiliary system, which can avoid
the adverse effects caused by the nonlinearity and uncertainty of the Euler–Lagrange system. Then, by utilizing the
input–output property of the auxiliary system, it is found
that the derivative of the predesigned trajectory
qd (t) should

belong to the function space C[0, ∞) L 2 [0, ∞), which
implies that distributed consensus tracking can be achieved
for slowly varyingqd (t). However, if qd (t) only satisfies
q̇d (t) ∈ L ∞ [0, ∞) L 2 [0, ∞), which is more relaxed than
the condition in Theorem 2, it follows from the proof of Theorem 2 that limt →∞ qi (t)−qd (t) = 0 and limt →∞ q̇i (t) = 0.
However, it cannot be directly proved
 that limt →∞ q̇i (t) −
q̇d (t) = 0, since the set L ∞ [0, ∞) L 2 [0, ∞) cannot ensure
the convergence of q̇d (t), which will be further discussed in
the end of Section IV.
Remark 8: In this paper, the distributed stabilization and
distributed consensus tracking problems are addressed in
a unified way. In practice, the MAS is often affected by
plant modeling uncertainties, network-induced limitations, and
external disturbance, and distributed stabilization is a typical
swarming behavior in this case, which has attracted much
attention from the researchers [37], [38]. Here, it should be
noted that the distributed stabilization achieved in this paper is
mainly due to the communication topology between the agents,
i.e., the competition relationship, which can be considered as
a kind of disturbance to the cooperation subnetwork.
Remark 9: It is also worth noting that distributed stabilization is slightly different with the stabilization in traditional
control theory. First, stabilization mainly aims at stabilizing
a single plant by employing some centralized state or output
feedback approaches, while the objective of distributed stabilization is to simultaneously stabilize all individual agents
within an MAS by using distributed control approaches where
the information exchange among agents is fully utilized.
Though the control goal of distributed stabilization can be
achieved by designing a local controller for each agent only
using its absolute state or output information, this protocol is
generally inapplicable to practical MASs since most of the
agents cannot directly obtain their absolute state or output
information. From this point of view, information exchange
among agents in an MAS is necessary. More specifically,
within the framework of stabilization, each agent is an isolated system; hence, one should apply the information of the
predesigned trajectory qd (t) to each agent, i.e., one should
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control all the agents, which, however, is infeasible when the
whole network is composed of a large set of agents. With
the help of information exchange among neighboring agents,
Theorem 2 provides a method to achieve distributed consensus
tracking (including distributed stabilization as a special case),
i.e., one can control a fraction of agents to achieve distributed consensus tracking, which makes the tracking problem
practically feasible.
IV. N UMERICAL S IMULATION
In this section, two examples are provided to illustrate the
effectiveness of the theoretical results.
In the simulation, the agent dynamics are governed by the
Euler–Lagrange systems (30)

  (1) 
 i
(2)
(1)
(2) !
i
−h i q̇i + q̇i
−h i q̇i
q̈i
M11 M12
· (2) +
i
i
M21
M22
h i q̇i(1)
q̈i
0
 


(1)
(1)
τ
q̇
(30)
· i(2) = i(2) , ∀i ∈ I = {1, . . . , n}
q̇i
τi
T

Fig. 2.

Interaction topology of 10 agents in Example 1.

Fig. 3.

Evolution of qi (t) in the cooperation–competition network

.

Fig. 4.

Evolution of q̇i (t) in the cooperation–competition network

.

T

where qi = [qi(1), qi(2) ] , τi = [τi(1), τi(2) ] , and
!
!
i
= a1 + 2a3 cos qi(2) + 2a4 sin qi(2)
M11
!
!
i
i
M12
= M21
= a2 + a3 cos qi(2) + a4 sin qi(2)
i
= a2
M22

!
!
h i = a3 sin qi(2) − a4 cos qi(2)

(31)

with
a1 = d1 + m 1l12 + d2 + m 2l22 + m 2l32
a2 = d2 + m 2l22
a3 = m 2l3l2 cos (δ)
a4 = m 2l3l2 sin (δ).

(32)

Here, the parameters are chosen as m 1 = 1, m 2 = 2, l1 = 0.5,
l2 = 0.6, l3 = 1, d1 = 0.12, d2 = 0.25, and δ = (π/6).
i =
According to 3), Yi (qi , q̇i , x, y) ∈ R 2×4 is defined as Y11
i
i
i
i
i ,
x 1 , Y12 = x 2 , Y21 = 0, and Y22 = x 1 + x 2 . Moreover, Y13 , Y14
i
i
Y23 , and Y24 are shown in (33)
!
i
= (2x 1 + x 2 ) cos qi(2)
Y13
(2)
(1)
(2) !
(2) !
− q̇i y1 + q̇i y2 + q̇i y2 sin qi
(2) !
i
= (2x 1 + x 2 ) sin qi
Y14
(2)
(1)
(2) !
(2) !
+ q̇i y1 + q̇i y2 + q̇i y2 cos qi
(2) !
(1)
(2) !
i
= x 1 cos qi + q̇i y1 sin qi
Y23
!
!
i
Y24
= x 1 sin qi(2) − q̇i(1) y1 cos qi(2)
(33)
where x = [x 1 , x 2 ]T and y = [y1 , y2 ]T .
Example 1: Consider n = 10 agents in the cooperation–
competition network , with their interaction topology presented in Fig. 2. Here, the solid lines represent the cooperation
relationship among agents, while the dotted lines represent
the competition relationship among them. It is clear from
Fig. 2 that the cooperation subnetwork + is strongly connected.
In this network, ai j = 1 for j ∈ Ni+ , and ai j = −1 for
j ∈ Ni− . It can be seen that a18 a81 = −1 in Fig. 2, which

indicates that the digon sign-symmetry condition can, indeed,
be removed. Also, the initial values of qi (t), q̇i (t), x i (t),
vi (t), and ηi (t) are chosen randomly from [−1, 1] × [−1, 1],
and the initial value of θ̂i (t) is set as θ̂i (0) = [0, 0, 0, 0]T .
For simplicity, choose K i = I2 , Ti = I4 , and k1 = k2 =
−1.5. According to (11) and (30), the evolutions of qi (t)
and q̇i (t) of these 10 agents are shown in Figs. 3 and 4,
respectively, while the control input τi (t) is presented in Fig. 5.
Apparently, the Euler–Lagrange systems (30) asymptotically
achieve distributed stabilization.
Example 2: Consider n = 10 agents in the cooperation–
competition network , with their interaction topology presented in Fig. 6.
From Fig. 5, it can be seen that the cooperation subnetwork + is strongly connected, where the weights in the
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Fig. 5.

Evolution of control input τi (t).

Fig. 6.

Interaction topology of 10 agents in Example 2.

cooperation subnetwork + are chosen the same as those
in Example 1. Moreover, for the competition subnetwork
− , choose a
81 = −1.5, a27 = −1.5, a43 = −0.8, and
a46 = −0.7. Obviously, b2− = b4− = b8− = −1.5, and thus,
the cooperation–competition network
is equi-competition.
It follows from the pinning control strategy (24) that agents 2,
4, and 8 should be pinned. Similar to Example 1, here, it is not
necessary to assume that the cooperation–competition network
satisfies the digon sign-symmetry condition. Furthermore,
the initial conditions and other parameters are all set the same
as those in Example 1. Finally, the predesigned state trajectory
√
T
(1)
(2)
(1)
qd (t) = [qd (t), qd (t)] is set to qd (t) = ln(t + 1 + t 2 )
and qd(2)(t) = arctg(t).
√
Thus, one can obtain that q̇d(1)(t) = (1/( 1 + t 2 )),
=
(1/(1 + t 2 )), and limt →∞ q̇d(1)(t)
=
q̇d(2)(t)
(2)
limt →∞ q̇d (t) = 0. Moreover, one gets
" ∞
" ∞
 (1) 2
1
π
(34)
dt =
q̇d (t) dt =
2
1
+
t
2
0
0
and
" ∞
" ∞
 (2) 2
1
dt
q̇d (t) dt =
0
0
(1 + t 2 )2
#∞
"
#
1
1 ∞ 1
#
=
+
dt
2(1 + t 2 ) #0
2 0 1 + t2
π −2
(35)
=
4

which implies that q̇d (t) ∈ C[0, ∞) L 2 [0, ∞). Therefore,
the predesigned state trajectory satisfies the condition in

Fig. 7.

Evolution of qi (t) with the predesigned trajectory qd (t).

Fig. 8.

Evolution of q̇i (t) with the predesigned trajectory qd (t).

Theorem 2, and the Euler–Lagrange systems (30) can asymptotically achieve distributed consensus tracking.
Furthermore, the evolutions of qi (t) and q̇i (t) of these 10
agents are shown in Figs. 7 and 8, respectively, while the
control input τi (t) is presented in Fig. 9. The black solid
line represents qd (t) in Fig. 7 and q̇d (t) in Fig. 8, which
are the target trajectories in the distributed consensus tracking
problem, respectively.
Finally, the errors between different agents and the predesigned states are as follows:

$
%
%
e1 (t) = &
$
%
%
e2 (t) = &

10

2

(k)

(k)

[qi (t) − qd (t)]

2

i=1 k=1
10

2

2

[q̇i(k) (t) − q̇d(k) (t)] .

(36)

i=1 k=1

The evolution of the errors is shown in Fig. 10, from which one
can conclude that distributed consensus tracking is achieved
for the given qd (t).
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Fig. 9. Evolution of control input τi (t) with the predesigned trajectory qd (t).

Fig. 10.

Evolution of e1 (t) and e2 (t).
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Fig. 11.

Evolution of qi (t) with the target trajectory (37).

Fig. 12.

Evolution of q̇i (t) with the target trajectory (37).

Fig. 13.

Evolution of e1 (t) and e3 (t).

To illustrate Remark 7, consider the target trajectory (37)
(1)

(2)

q̇d (t) = q̇d (t)
⎧


√
1
⎪
⎪
2 t − 2k 3 ,
2k
∀t
∈
k,
k
+
⎪
⎪
⎪
2k 2
⎨


1
1
= √
(37)
2
3
−2k t +2k +2, ∀t ∈ k + 2 , k + 2
⎪
⎪
⎪
2k
k
⎪
⎪
⎩0,
otherwise
where k ∈ N and N is the natural number set. It can be verified
(1)
that q̇d (t) ∈ [0, 1] for t ∈ [0, ∞), i.e., q̇d (t) ∈ L ∞ [0, ∞),
and
" ∞
" ∞
∞
 (1) 2
2
T
q̇d (t) dt =
q̇d (t)q̇d (t)dt = 2
< ∞ (38)
k2
0
0
k=1

which indicates
that q̇d (t) ∈ L 2 [0, ∞) and, hence, q̇d (t) ∈

L ∞ [0, ∞) L 2 [0, ∞). Furthermore, it can be proved that
limt →∞ q̇d (t) = 0. In fact, according to (37), one has
q̇d (k + (1/2k 2 )) = [1, 1]T for k ∈ N. The evolutions of
qi (t) and q̇i (t) of these 10 agents are shown in Figs. 11 and
12, respectively, where the black solid line represents qd (t)
in Fig. 11. Moreover, in this case, the error is e3 (t) =
2 1/2
(k)
2
( 10
, and the evolution of the error
i=1
k=1 [q̇i (t)] )
is shown in Fig. 13. From Figs. 11–13, one can see that
limt →∞ qi (t) − qd (t) = 0 and limt →∞ q̇i (t) = 0, which
implies that the characterization of the predesigned trajectory
is more accurate by Theorem 2.

V. C ONCLUSION
This paper has discussed the swarming behavior problem for multiple Euler–Lagrange systems in a cooperation–
competition network, where the adjacent weight between two
agents can be either positive or negative, and the parameters of
the Euler–Lagrange systems can be uncertain. In order to solve
this problem, the second-order auxiliary system was designed
for each agent, and a time-varying estimator of the uncertain
parameters of the agent dynamics was proposed. In the new
framework, the information exchange among the agents guides
the evolution of the auxiliary system, and then, the states of the
auxiliary system affect the Euler–Lagrange systems. Moreover,
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the distributed stabilization of the MASs could be achieved
under the condition that the cooperation subnetwork is strongly
connected and the parameters of the auxiliary system are
chosen appropriately. More significantly, it is not necessary
to assume that the cooperation–competition network is digon
sign-symmetric, which was presented by the majority of the
relevant research works in the literature. It only requires that
the cooperation subnetwork can be strongly connected, which
implies that the cooperation subnetwork plays a crucial role
in achieving distributed stabilization.
Furthermore, as an extension of distributed stabilization,
the distributed consensus tracking problem in the cooperation–
competition network was discussed, and the concept of equicompetition was introduced. Then, to achieve distributed consensus tracking, a new pinning control strategy was developed,
and it was proved that distributed consensus tracking can
be achieved if the cooperation–competition network is equicompetition, with a strongly connected cooperation subnetwork, and the predesigned state is slowly varying. Finally,
numerical examples were presented to illustrate the theoretical
results.
In the future, distributed consensus tracking in the
cooperation–competition network will be further considered
in the presence of many competitive edges, as well as the
case of switching network topologies among the agents, for
which corresponding pinning control strategies will also be
designed.
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